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ABSTRACT 

One of the essential aspects of material design research is studying the stability of the model designed. In Thermodynamics, material stability 

can be expressed by the equation of state (EOS). However, not all EoS will fit with the energy versus volume data from the material being 

designed. Moreover, if the materials prepared have a unique structure, more factors need to be considered so that the data fitting is carried out 

more precisely. In this research, a comparative study of 1 mathematical approach (second order polynomial) and 4 EoS (Murnaghan EoS, Birch 

EoS, Birch EoS, Birch-Murnaghan EoS, and Vinet EoS) was carried out for fitting energy versus volume data on 3D (bulk) and 2D materials. 

obtained from density functional theory (DFT) calculations. This research found that fitting energy versus volume data in 3D material models 

can be done using second-order polynomials. In contrast, for 2D models, only two EoS fit (Birch-Murnaghan and Vinet). Apart from that, the 

result is that the Vinet equation of state is an equation that has the smallest tolerance value in the range of 10-4 - 10-10 eV. 
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INTRODUCTION 

In research in the field of material design, 
researchers can freely model crystals according to 
their creativity. Crystal models can be designed 
without considering experimental methods that 
allow for the realization of the created model. 
However, one aspect that needs to be considered in 
developing a model is related to thermodynamic 
equilibrium. Material equilibrium dynamics involves 
a subtle interaction between inertial dynamics 
triggered by molecular thermal energy and structural 
effects of density correlation. The balance between 
kinetic and potential energy becomes susceptible to 
applied pressure or stress (Douglas, 2021). It can be 
explained in the equation of states (EOS) to express 
the state of matter. There are several EOS models, 
such as Birch (Fu, 1983), Murnaghan 
(Murnaghan,1944), Birch-Murnaghan (Birch,1947), 
and also Vinet (Vinet,1947). EOS acts as a 
determinant of material stability in specific pressures, 
volumes, and temperatures. 

Material models that have been made need to 
be optimized to obtain stable models so that synthesis 
is possible. Optimization is done by calculating 
energy as a function of the size variation of the crystal 
model created (volume, area, or length of cell units). 
From the data obtained, it is necessary to fit with the 
existing equation model to find out the equilibrium 
state of the material. A polynomial function is a 

straightforward equation that fits energy data to 
crystal size (Katsura, 2019; Absor, 2014). However, 
from the optimization point of view, the second-
order polynomial function can only be used for fitting 
since the higher-order functions have no physical 
meaning. Therefore, it is necessary to consider 
fittings by using the thermodynamic function. The 
known thermodynamic fittings are the equation of 
states to look for the more precise and accurate 
minimum point. 

This study used material modeling with a 3-
dimensional (3D) and 2-dimensional (2D) structure. 
The crystal model that has been created then 
minimizes energy to obtain an optimal structure. 
Energy minimization calculation uses the density 
functional theory (DFT) method. Then, the most 
fitting equation of state will be searched to find the 
minimum value of the energy versus volume data, 
fitting it with the equation of state (EOS). 

RESEARCH METHODS 
In optimizing crystal energy, energy 

calculations were carried out as a function of crystal 
size variations in this study. The calculation was 
carried out using the Density Functional Theory 
(DFT) method with gradient generalized 
approximation Perdew, Burke, and Enzerhoff (GGA-
PBE) as an approach to solving the exchange-
correlation potential (Perdew, 1994). In 
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distinguishing atoms in the calculation process, 
pseudopotentials are used, and wave functions are 
expanded from linear combination atomic pseudo-
orbitals already available in the OpenMX program 
(Ozaki, 2009). In calculations, the convergence of 
energy and force is set until it reaches 2.7 × 10-7 eV 
and 5.0 × 10-4 eV/Å, respectively. Discretization of 
k-grid for bulk crystals (SrTiO3, PbTiO3, and ZnO) 
10×10×10 and for 2-dimensional crystals (SiGe, 
SiC, and GeC) is made 8×8×1. 

To obtain the optimum energy value, a fitting 
is carried out between the volume of the crystal and 
its energy in such a way that the minimum value is 
obtained. In research, curve fitting is carried out with 
a 2nd-order polynomial approach and four types of 
thermodynamic state equation models for solids, 
including the Birch state equation, Murnaghan state 
equation, Birch-Murnaghan state equation, and Vinet 
state equation. 

 
1. Murnaghan Equation of State 

Murnaghan's equation is proposed to answer 
research problems for minerals and rocks, as well as 
where to determine the mechanical properties of 
their internal structure. The equation model 
proposed by F.D. Murnaghan is an equation that 
relates volume pressure and temperature with bulk 
modulus being a lineation of pressure: 

 

𝐸(𝑉) =  𝐸0 + 𝐵0𝑉0 [
𝜑

(1−𝐵0
′ )

𝐵0
′(𝐵0

′−1)
+

𝜑

𝐵0
′ −

1

𝐵0
′−1

]       (1.1) 

(Murnaghan,1944). 
 
2. Birch State Equation 

The Birch equation of state is an equation of 
state proposed by geophysicist Francis Birch, who 
considered that the speed of wave propagation in 
materials is directly proportional to the density of the 
rock. From this law, the relationship between energy 
and volume is as follows: 

 

𝐸(𝑉) =  𝐸0 +
9𝐵0𝑉0

8
[𝜑2 − 1]2 +

9

16
𝐵0𝑉0(𝐵0

′ − 4)[𝜑2 − 1]3 (1.2) 

(Fu, 1983). 
 
3. Birch-Murnaghan Equation of State 

Before discovering Birch's law, Francis Birch 
in 1944 corrected Murnaghan's equation of state. If 
Murnaghan considers the bulk modulus to undergo a 
linear change with pressure, in this case, birch adds 
the derived terms of the bulk modulus to the 
pressure:  

 

E(𝑉) = 𝐸0 +
9𝐵0𝑉0

16
{[𝜑2 − 1]𝐵0

′ + [𝜑2 − 1]2[6 − 4𝜑2]}      (1.3) 

(Birch,1947). 

4. Vinet Equation of State 
The equations of state mentioned earlier 

describe the state of materials in a low-temperature 
range. This limitation causes the state of the material 
to be inaccessible when a phase transition occurs at 
high temperatures. Pascal Vinet et al. proposed a new 
equation of state model in which thermal stress does 
not depend on volume, and the change is linear to the 
temperature change when it reaches T > Td, where 
Td is the Debye temperature. The Energy function to 
volume in the Vinet equation is different from other 
equations where, in this equation, the energy 
function is an exponential function volume: 

 

E(𝑉) = 𝐸0 +
2𝐵0𝑉0

(𝐵0
′ −1)

2  (2 − (5 + 3𝐵0
′ (𝜑 − 1)) (exp (−3(𝐵0

′ −

1)
𝜑−1

2
)))(1.4) 

(Vinet,1947). 
 

Energy minimization in the four equations of 
the state above is done using the least square method. 
This minimization method combines three methods: 
Levenberg-Marquardt (LM), Gauss-Newton, and 
steepest-descent. With these three combinations, 
values can be converged by short iterations. To 
minimize value, a guess value is needed as initial 
input. In this study, the initial guess was obtained 
from the value of the fitting result with a second-
order polynomial equation. This is done so that the 
guess value does not deviate far from the value to be 
addressed, making convergence easier to achieve. 
 
RESULTS AND DISCUSSION 

Based on Density Functional Theory (DFT), 
calculations have been made on ZnO and SrTiO3 
bulks. The two materials have different structures, 
where ZnO forms a wurtzite structure, and the 
atoms bind to each other and create a hexagonal 
structure. Meanwhile, SrTiO3 is a cubic crystal with 
the Sr atom surrounded by TiO3 ions in the center. 
Obtained grid parameter calculation results for bulk 
materials are shown in Table 1. Figures 1 (a), (b), (d), 
and (e) show the optimal structure of SrTiO3 and 
ZnO. As a comparison, calculations are also carried 
out for group IV diatomic 2-dimensional materials 
that have a structure resembling graphene. This study 
optimized the group IV diatomic model using a 
combination of SiC, GeC, and SiGe. The optimal 
model is shown in Figure 1 (c). The diatomic 
structure of group IV is flat, and each atom  
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Figure 1. The crystal structure is seen from -z (out of plane) axis (a) ATiO3 (A: Sr, Pb) (b) ZnO (c) Diatomic 
group IV XY (X) and visible from -y-axis (in-plane) (d) SrTiO3 (e) ZnO (f) Diatomic group IV (SiGe/GeC/SiC

As a comparison, calculations are also 
carried out for group IV diatomic 2-dimensional 
materials that have a structure resembling graphene. 
This study optimized the group IV diatomic model 
using a combination of SiC, GeC, and SiGe. The 
optimal model is shown in Figure 1 (c). The diatomic 
structure of group IV is flat, and each atom binds 
three atoms to its nearest neighbor, which in Figure 

1 (c) and (f) are similar to the structure of graphene. 
The optimized model shows that lattice parameters 
and distances between atoms change for different 
variations in atomic composition. SiGe is the material 
with the largest lattice size of the three combinations. 
This shows that the greater the atomic number, the 
greater the unit size of the crystalline cell. 

 
 
 
 
 
 
 
 
 
 

                     Figure 2.  Energy versus volume fitting curve at (a) SrTiO3(b) SiGe with five equations of state

Energy data as a function of crystal size obtained from 
DFT calculations are then fitted to get the minimum 
energy value more precisely. Figures 2 (a) and (b) 
result from fitting DFT data with the five equations 
of state mentioned earlier. To compare fitting 
materials with high (bulk) and low (2D) dimensions, 
SrTiO3 is used to represent bulk material and SiGe 
as 2D material. The curve shows the difference 
between SrTiO3 and SiGe, where the SrTiO3 curve 
is shaped like a quadratic curve, while the SiGe curve 
is unique, unlike the usual quadratic curve. The 

results of fitting DFT data with all five equations of 
state are shown in Table 2, with the smallest error 
value obtained when fitting with the Vinet equation 
of state. 

Of the five equations of state, second-order 
polynomials are the simplest equations used to guess 
the minimum value from the data obtained. Second-
order polynomials can still apply the minimum value 
approach to bulk materials with small tolerance 

values (Δ < 10-6 eV). However, when the curve 

formed is extreme enough, second-order 
polynomials are no longer accurate when 
approaching minimum values.
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Table 1. Parameters of structure optimization results with the DFT method for bulk materials 

No. Materials Vmin (Å3) Emin (eV) 
Distance Between Atoms 

δ1 (Å) δ2 (Å) 

1 SrTiO3 62.30 -141.62 1.96 2.77 

2 PbTiO3 63.89 -173.19 2.01 2.83 

3 ZnO 149.8 -478.22 2.07 - 

 

Table (2). Parameters of structure optimization results with the DFT method for 2D materials 

No. Materials Amin (Å2) Emin (eV) δ (Å) 

1 SiC 8.23 -9.92 1.80 

2 GeC 14.05 -9.90 1.87 

3 SiGe 14.40 -9.19 2.16 

 
Table 3. Results of energy versus volume fittings with five different types of state equations 

No. Materials 
Polynomial Birch Murnaghan 

Em (eV) Δ (eV) Em (eV) Δ (eV) Em (eV) Δ (eV) 

1 SrTiO3 -140.43 13.5×10-10 -142.94 3×10-10 -141.62 93×10-10 

2 PbTiO3 -171.88 67×10-7 -174.58 8.6×10-7 -173.19 4×10-7 

3 ZnO -477.57 188×10-6 -479.4 10×10-6 -478.21 7.3×10-6 

4 SiC -9.88 0.3833 -10.57 851×10-5 -9.89 881×10-5 

5 GeC -5.89 0.1834 -10.34 11×10-4 -9.21 69×10-4 

6 SiGe -8.77 0.480 -9.74 4.9×10-3 -9.19 0.086 

 

 

 
 
 
 
 
 
 
 
 
 

 
The first fitting is done with a 2nd-order 

polynomial approach, which is still suitable for high-

dimensional materials. It can be seen that the data 
obtained do not deviate far from the polynomial 
curve. However, problems arise when fittings are 

No. Materials 
Birch-Murnaghan Vinet 

Em (eV) Δ (eV) Em (eV) Δ (eV) 

1 SrTiO3 -141.62 3×10-10 -141.62 3×10-10 

2 PbTiO3 -173.19 2.8×10-7 -173.19 2.4×10-7 

3 ZnO -478.22 8.1×10-6 -478.22 7.8×10-6 

4 SiC -9.92 12×10-5 -9.92 5.1×10-5 

5 GeC -9.20 4.8×10-4 -9.90 1.8×10-4 

6 SiGe -9.19 2.8×10-3 -9.19 7×10-5 
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carried out on low-dimensional materials. The 
energy versus volume data is quite extreme in low-
dimensional materials, making it impossible to fit 
with a second-order polynomial approach. 
Therefore, approaches that consider the 
thermodynamic properties of materials are needed 
for intense energy versus volume curves. The Birch, 
Murnaghan, Birch-Murnaghan, and Vinet EoS can be 
applied to 3D materials. Furthermore, in the case of 
2D materials, it is shown that the Vinet and Birch-
Murnaghan EoS produce more reliable results of 
fitting data.  

CONCLUSION 
This study's DFT-based calculations were 

done on 3D materials (SrTiO3 and ZnO) and 2D 
(SiGe, SiC, GeC). There is a significant difference in 
the crystal size optimization results curve with energy 
for 3D and 2D materials. The Birch-Murnaghan and 
Vinet EoS present accurate results from the five 
equations used for fittings. 
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